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1. INTRODUCTION 
When the search for simple groups of composite order less than one 
million was begun several years ago, it was not clear how close to completion 
this search would ever be carried. 
The first report on this search [7] given at Oxford in the summer of 1967 
included the construction of the simple group of order 604 800. Since then 
no new simple group of order less than one million has been found. It has 
been shown [8] that for the 55 orders less than one million of the 56 known 
simple groups (two being of order 20 160), that no further simple groups 
exist for these orders. All other orders have now been eliminated except for 
21 possible orders, listed in Section 3 of this paper. These 21 numbers are of 
the forms 2” . 30 . 5~ and 2” . 3” . 7’. The main tools in this search have been 
the papers by Brauer [2, 31 (and other papers of his) on groups whose order 
contains a prime to the first power and papers by Fong [5] on possible 
Sylow 2-subgroups of simple groups and papers by Alperin, Brauer, Gorcn- 
stein, Reynolds, and Walter in various combinations [I, 4, 6, 1 I] character- 
izing simple groups with particular kinds of Sylow 2 subgroups. 
2. THE KNOWN SIMPLE GROUPS OF ORDER LESS THAN ONE ~IILLIOX 
There are 56 known simple groups of orders less than one million. Of the 
classical groups these include groups&(q), the projective special linear group 
of dimension n over GF(g2) for q = 3, 4, 5, and symplectic groups Q,(g) of 
dimension 4 over GF(q) for q = 3 and 4, and finally the alternating groups 
-%,A, -4,) A, , and A, . Of nonclassical groups there are the first Suzuki 
group S&P), three Mathieu groups MI, , MI, , M22 , and two recently 
* This research was supported in part by ONR contract N00014-67-A-0094-0010. 
98 
‘$3 1972 by Academic Press, Inc. 
SIMPLE GROCPS OF ORDER LESS THAN ONE ~IILLION 99 
discovered “sporadic” groups, the first Janko group of order 175 560 and the 
Hall-Janko group [9] of order 604 800. Of the orders, 28 of them are of the 
form p(pz - 1)/2, p a prime, p = 5 ,..., 113 and by Brauer-Reynolds [4], a 
simple group of such an order is necessarily L,(p). The remaining 28 groups, 
listed by their orders are: 
360 ~ 23 . 3’ . 5, L,(3”) - A, , 62 400 = 2” . 3 5” . 13, U&S), 
504 =z 2” . 3” 7, L,(23), 95 040 : 2” 33 5 1 I) Mr:! , 
2520 x 2” . 3’ 5 . 7, A,, 126 000 ~= 2r 3’ 5” 7, U,(5), 
4080 = 2r . 3 5 17, z&(2”), 175 560 = 2” 3 . 5 7 I 1 . 19, 
5616 -= 2” 3” . 13, L,(3), Janko group, 
6048 =_ 25 33 . 7, o’,(3), 181 440 = 26 3” . 5 .7, A,, 
7800 = 23 . 3 . 52 . 13, L,(5’), 262 080 = 2” 3’ . 5 . 7 . 13, I/,(2”), 
7920 = 2* . 32 . 5 . 11, M,, , 265 680 = 2” . 3” . 5 .41, L,(3r), 
9828 = 22 33 . 7 . 13, L2(33), 372 000 = 25 . 3 . 53 . 31, L,(5), 
20160=- 26.32.5.7, L,(2)- A, , 443 520 := 2’ . 32 . 5 7 1 I, M2, , 
20 160 = 2” 32 5 . 7, L3(22), 604 800 ~ 2’ 3” 5” 7, 
25 920 = 26 . 3r 5, Sp,(3) - U,(2), Hall- Janko group, 
29 120 = 2” . 5 . 7 . 13, Sx(2”), 885 720 =- 2” . 3 . 5 . 11 p . 61, L,( 1 12), 
32 736 := 2j 3 . 11 31, La(25), 976 500 = 22 3’ 5” 7 31, La(53), 
58 800 z= 2% . 3 5” 7”, Lz(72), 979 200 = 2s 3” 5” 17, sp,Qq. 
3. THE REMAINING ORDERS 
As this is written, there remain exactly 21 numbers less than one million 
for which it is unknown whether or not there are any simple groups of these 
orders. These numbers arc: 
43 200 = 64 .27 .25, 84 672 -= 64 
86 400 = 128 .27 .25, 169 344 -: 128 
172 800 =-= 256 .27 .25, 338 688 :-= 256 
345 600 = 512 .27 25, 677376 = 512 
691 200 = 1024.27 .25, 
129600 = 64.81 .25, 254016 = 64 
259 200 = 128 . 81 . 25, 508 032 = 128 
518 400 : 256 81 .25, 
388 800 = 64 .243 ‘25, 762 048 = 64 
777 600 = 128 .243 .25; 
216 000 = 64 .27 . 125, 
432 000 = 128 ‘27 125, 
864 000 = 256 ‘27 . 125; 
648 000 = 64 81 . 125; 
27 .49, 
27 .49, 
27 .49, 
27 .49; 
81 .49, 
81 .49; 
243 ‘49. 
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4. METHODS 0~ ELIMINATT~N ANII CONSTRUCTION 
Paul Fong [5] has investigated 2-groups as possible Sylow subgroups S(2) 
of finite simple groups G. This investigation covers all 2-groups of orders 
not exceeding 32. The possible S(2)‘s are: 
~ S(2)i = 4. S(2) elementary Abelian; 
~ S(2); 7~ 8. S(2) is dihedral or elementary Abelian; 
~ S(2), ~= 16. S(2) is elementary rlbelian, dihedral or quasi-dihedral; 
i S(2); == 32. S(2) is elementary Abelian, dihedral, quasi-dihedral, or 
the wreath product ZA ‘1 ZP . 
Harada has been investigating groups of order 64 as possible S(2)‘s in 
simple groups. When this work is complete, this will presumably give enough 
information, together with classification theorems, to deal with the eight 
remaining orders divisible by 64 but not 128. 
Gorenstein and Walter [6] have shown that if S’(2) is dihedral, then G is 
L,(p) or is d, . John JL’altcr [ll] h as shown that if an S(2) of a simple group 
G is Abelian, then 
(i) 1 S(2): = 4 and G :--=L&), q z-2 3, 5 (mod 8); 
(ii) S(2) is elementary of order 2’“, 11 ia 3 and G = L,(2)“). 
(iii) G is of order 175 560 and is the Janko group. 
01. 
(iv) i S(2)1 = 8 and is elementary and G is of Ree type / G / -2 
q3(q3 + l)(q - l), where Q = 32’,+1, k > 1. 
Alperin, Brauer, and Gorenstein [l] have shown that if S(2) is quasi- 
dihedral, then either G -=L,(q), 4 = 3(mod 4) or G = U,(q), 4 +z l(4) or 
I G j = 7920 and G == IUr,, , and that if S(2) is the wreath product 
Z,n 1 Za , then either G = L,(q), 4 = 1 (mod 4) or G = U,(g), 4 = 3 
(mod 4). 
These results settle all cases when S(2) is of order at most 32, except for 
the notoriously stubborn groups of Ree type, which have not yet been shown 
to be the Ree groups, though in terms of order and many other properties 
they are the same. The smallest group of Ree type is of order greater than 
one million and beyond the range of this search. 
Of the known simple groups of orders less than one million, these leave 
10 orders and 11 groups, two being of order 20 160 from the list of Section 2. 
In every case, there is at least one prime dividing the order of the group to 
the first power, and the methods of Brauer [2, 31 are applicable as described 
in an earlier paper [7]. For a prime p dividing the order of G to the first 
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power, a computer determined all possible degrees for the principal block 
R,,(p). In investigations described in Ref. [8] ‘t 1 is shown how this information 
is sufficient in these cases to construct all of the character table, or a suflicient 
part of it, to characterize the group or determine a permutation representation 
whose uniqueness proves the uniqueness of the group. 
Most of the remaining orders are divisible by a prime to the first power 
and so are amenable to the methods of Urauer. X11 such orders have now beer1 
eliminated, but in some cases the work was very long and tedious. !Uuch of 
the work was done twice, but even so, there seems to be no way of guaran- 
teeing that no serious error was made. It seems to be easier to eliminate an 
order by making an error than to do so with a valid argument. Particulnrl! 
troublesome orders were 846 720 = I28 ‘27 .5 ‘496,544 320 == 64 ,243 5 .7, 
and 887 040 = 128 . 9 . 5 7 11, the last two being, respectively, three 
times the order of A, and twice the order of :I(.,., . The S-group paper of -- 
John Thomson [lo] was used onlv to restrict the orders considered to those 
which are multiples of the orders of the minimal simple groups. \Vithout 
using this result, more orders would have to be considered, but a number 
that is neither a multiple of 60 nor of 168 (of course esclriding numbers 
2, 3”) will either not be a multiple of 3 or will be divisil)lc by a prime wlrich 
is 11 or greater, and such numbers arc relatively easl- to eliminate. 
The most recent eliminations are due to Richard Brauer and to J&-e?- 
Leon. Richard Brauer in private communications reported that he could 
eliminate all orders 2” . 3” 5”. Jeffrey I.eon in his Ph.D. thesis at the Cali- 
fornia Institute of Technology has eliminated all orders 2” 3” . 5” and 
2” 3” 7” less than one million and also many larger orders of this form. 
His methods were also sufficient to eliminate the last order divisible by four 
primes, which was 705 600 = 64 . 9 25 . 49. 
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